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Abstract 
The propagation of sound waves in a circular cylindrical duct 
filled with an inhomogeneous liquid is investigated. Both the density 
of the liquid and its sound speed are taken to vary with axial 
distance. Sound is generated by a point source mounted on the walls of 
the duct. Propagating plane waves and cross modes are considered. 
Two . main problems are studied. In the first the reflection and 
transmission of acoustic waves at the interfaces are calculated. In 
the second problem a finite layer of variable density p(x) and 
variable sound speed c(x) sandwiched between 2 semiinfinite layers of 
constant but distinct acoustic properties. The reflection and 
~ 
transmission characteristics of the layer depend on the impedance of 
the interface. The initial value problem for the determination of the 
impedance is formulated and its solution is obtained numericaly. The 
results are illustrated by drawing the impedance vs. the frequency of 
the sound for various values of the parameter involved. 
1 
1. Introduction· 
In this thesis, sound waves in i circular duct are investigated. 
The duct has a constant cross sectional area of radius R,it is of 
infinite length and it is filled with an inhomogeneous liquid. Sound 
is generated by time periodic sources mounted on the walls of the 
duct. 
It is well known[l] ,in the case of a homogeneous liquid with 
sound speed c ,that when the operating frequency of 'the sound sources 0 
. 
is below the fundamental cut off frequency w ~ l.84(c /R) then only C 0 
the plane wave propagates down the duct. All cross modes decay with 
distance from the source. In the various cases discussed in this 
thesis the behaviour of the plane as well as the behaviour of the 
decaying and propagating cross modes is investigated. 
The sound propagation in an inhomogeneous media has attracted 
considerable attention [2]-[4] in relation to problems dealing with 
underwater acoustics. The density and sound speed of the ocean water 
are strongly dependent on the depth (see for example [5]).Consequently 
a study of sound phenomena in the ocean must1consider the dependence 
of the acoustic properties on the spatial variables.Another example of 
the interest in this area is a recent study of wave reflaction from an 
ocean sediment layer with depth-dependent pr0perties[6]. 
Wave propagation in inhomogeneous media has also been studied[7] 
f~om the point of view of elastic waves. These studies include the 
determi~ation of 1relection,refrection and transmission coefficients in 
2 
, 
the case of layer~d media as well as some inverse problems like the 
problem obtaining the velocity of the wave propagation • 1n an 
inhomogeneous 'medium from the reflection coefficient when this 
coefficient • lS known for all frequencies[8J .When the acoustic 
properties depend on time as well as position then the problem becomes 
more involved. Some work in this area has been done in[9]. 
The basic equations governing the propogation of sound waves in 
a cylindrical duct fil~ed with a homogeneous liquid are derived in 
section 2. In the same section it is shown that an array consisting of 
three point sources can be made to generate sound free of propagating 
cross modes for a frequency up to 2.08w ,where 
C 
w 
C 
denotes the 
fundamental cut off frequency of the duct. 
The pressure field generated by a cylindrial ~peaker mounted on 
the wall of the duct is obtained in section 3. It is shown that the 
efficiency of the speaker depends on its length in the same fashion as 
in· the case of a rectangular duct[IOJ and consequently an increase of 
the speaker • size reduces its efficiency. Section 4 deals with the 
cross modes. 
The effects of inhomogeneity are dealt with in section 5 and 6 
of this thesis. In section 5 the results obtaind in section 2 are 
appropriately combined to describe the sound waves propagating in a 
medium consisting of three layers of distinct density and sound speed. 
I 
The sound source is taken to be in one of the external layers. 
1 Reflaction coefficient at the interfaces and transmission coefficient 
3 
t 
' 
are calculated.In section 6 we consider a finite layer of variable 
density p(x) and variable sound speed c(x) sandwiched between 2 
semiinfinite layers of constant but distinct acoustic properties. The 
exact equations governing the propagation of sound are derived with no 
simplification other than the linearity of the acoustic field.The 
reflection coefficient at the interface and the transmission 
coefficient depend on the impedance of the interface defined as the 
ratio of the local acoustic pressure over the normal acoustic velocity 
of the fluid. This frequncy dependent impedance can be calculated by 
solving an initial value problem which involves a linear differantial 
equation with variable coefficients. This initial value problem is 
formulated and an example of its solution is given for the cases of a 
linear variation of the density p(x) and speed c(x). This solution is 
obtained by numerical methods and the results are illustrated by 
drawing curves of the impedance for various values of the parameters 
involved. 
, 
I 
4 
2. Basic Equations 
Consider an infinitely long circular duct of radius R filled 
with stationary air. We introduce a polar coordinate system (x,r,9) as 
shown in Figure 1. The acoustic pressure P(x,r,O;t) in the duct 
satisfies the inhomogeneous wave equation 
a2 - CO2[ 
at2 
a2 1 
+-
ar2 r 
a 
or+ + (2.1) 
Here the source term Q(x,r,8;t) depicts the rate of mass per unit 
volume at position (x,r,8) and time t, and c is the speed of sound 
0 
in air. The dimensions of some variables are listed in Table 1. 
We assume that the duct walls are rigid and consequently we have 
the boundary condition 
at r= R. (2. 2) 
~ 
Here n ~ is the unit vector normal to the wall and u is the acoustic 
perturbation velocity which satisfies the linearized momentum equation 
a~ 
P + v P = o, oat (2. 3) 
where p0 is the equilibrium density of the fluid. Combining equations 
(2.2) and (2.3) we obtain the boundary contion 
VP•~= 0 
' 
• 
1. e. 
oP 
or = 0 
5 
on r = R . (2 .4) 
I 
' 
We want to calculate the pressure field generated by a periodic 
point source mounted on the duct wall at the point (x~R,B/). For such 
a source we have 
Q = 6(x-x') 6(r-R) 6(8-B')eiwt, (2.5) 
where the constant q represents the strength of the point source,6(x) 
0 
is the Dirac delta function, and w is the angular frequency of the 
source. 
We look for the solution of eq(2.l) in the form 
iwt~ P = e L_ X (x) '+' (r, 8) . 
mn mn 
m,n 
(2.6) 
Substituting (2.6) into the homogeneous form of eq(2.l) we obtain 
1 
+ -
r 
2 
aw 
or 
+ a X mn mn 
mn 
- o, 
k2 t - 0, 
mn mn 
where k are the eigenvalues of the problem and 
mn 
2 fl 
mn 
2 
w 
2 
C 
0 
• 
The solutions of eq(2.7) have the form 
where R and 8 must satisfy the conditions 
mn mn 
2 8 + V 
mn mn 
- o, 
(2.7) 
(2.8) 
(2.9) 
(2 .10) 
( (2.11) 
... 
R/ (r2k2 -+ r + 
mn mn 
11 2 ) R = 0. 
mn mn (2. 12) 
Since the solution of eq(2.ll) must be periodic function of the 
variable 8 
' 
the eigenvalues II must be integers. Note in passing 
mn 
that 
t 
this is not true for a duct whose cross section is shaped like a 
sector of a circle where 8 cannot go from zero to 2~ . We use the 
index m to denote these integers and we consequently write 
8 - cosmO, 
emn 
8 - sinm8, 
omn 
( m=O, 1, ... ) , 
+ r R' + (r2k 2 - m 2 ) R - 0. 
mn mn mn 
The 2 linearly independent solution of eq(2.14) 
(2.13) 
(2 .14) 
are J (rk ) and 
m mn 
Y (rk ) 
mn mn • 
Since the second of these functions is unbounded at r=O 
we obtain the 2 sets of eigenfunctions '1' as 
mn 
W - cosm8 J (rk ), 
emn m mn 
W - sinm8 J (rk ) . 
omn m mn 
The boundary condition (2.4) implies that 
d dr J (rk ) = 0 m mn at r = R 
(2.15) 
(2 .16) 
This is the characteristic equation determining the eigenvalus k . We 
mn 
write 
A 
mn k ---
mn R (2 .17) 
( 
'· 
·i• 
7 
l· 
-~ 
. I 
where X is the n-th ~ero of the function J' . Table 2. lists the mn m 
values of A for O~m~IO. These values were obtained using Newton's mn 
method to locate the roots,while IMSL routine were used to calculate 
the Bessel functions. The program used for this purpose is filed with 
the original of this thesis in the department of Mechanical 
Engineering and Mechanics of Lehigh University. 
where 
Using the orthogonality of Bessel functions we write 
R 2,r ff ~ ~ kl r dr de 0 0 emn e 
,,.. 
o, 
2 
,rR A , 
mn 
A - J 2(X ) 
on o on' 
A -
mn 
1 
2 
• 
for (m ¢ k or n ¢ 1), 
for (m=k and n=l), 
2 
'' I 
m 
x2 ) ' (m ~ 1). 
mn 
(2 .18) 
(2 .19) 
In deriving eq (2.19) we may use eq(A-3) in appendix A to carry out 
the integration and then notice ,in view of eqs (A-1) and (A-2) , that 
due to the boundary condition (2.16) we have 
J 1 (X ) m- mn 
I m 
X J (X ). m mn (2.20) 
mn 
' 
··~ 
6 
8 
• 
We can now obtain the solution of eq(2.l) for the special source 
term • given by eq(2.5) . Expanding the factor 6(r-R) 6(8-8') in terms 
of the eigenfunctions t and W we write 
emn omn 
A t + A t 6(r-R)6(0-0 ) - L 
m,n emn emn omn omn 
Using (2.18) we obtain 
A 
emn 
A 
omn 
1 JR J2,r 
2 6(r-R) 6(8-0) 
w-R Amn O 0 
1 
,rR A 
mn 
cosmB' 
sinmB" J (A ) . m mn 
q, 
t 
Substituting from (2.19) into (2.22) we obtain 
A 
A 
A - 1 
eon - ,rRJ (A ) ' 
o on 
emn 2A
2 
mn 
---------
omn irR (A 2 - m2) 
mn 
Expanding the sollution of eq(2.l) as 
• 
9 
cosm8' 
sinmO' ' 
emn 
omn 
m~l. 
) 
(2. 21) 
rdrdO 
(2. 22) 
(2. 23) 
(2. 24) 
) 
.. 
., 
and substituting this expression ,as well as the expression resulting 
from the substitution of eq (2.21) into (2.5) ,into eq (2.1) we obtain 
the following equation for Xemn(x) or Xomn(x) ; 
,, 2 . X + a X - -1 mn mn mn -
wq 
0 R 6 (x-x1 ) (2.25) 
where a2 is defined by (2.9) . The solution of eq (2.25) which is mn 
compatible with the radiation condition (i.e. either outward 
prapagating waves or exponent~ally decaying modes) is given as 
wq 
0 exp{-i/J Xmn -- 2/Jmn mn 
where 
-2 2 )1/2, pmn - ( w - X - mn 
-
x-x" } ' R 
-for W)A 
mn' 
-for X )W. 
mn 
• 
The parameter w of the above equation is defined by 
w = 
wR 
C 
0 
• 
(2. 26) 
(2.27) 
(2. 28) 
In view of equations (2.15) , (2.23) ,(2.26) and (2.27) we write 
the first of ~the series given eq(2.24) as 
p 
00 (2. 29) 
This • 1S the plane wave propagating down the pipe to the right and to 
the left of the sourte. We denote by IP f 
! I 00 
the amplitude of this 
, . 
• wave , 1.e. 
10 
,-
I I 
IP I -
00 
For frequencies w below the cut-off frequency,w, 
C 
1.84 (c /R), 
0 
(2.29b) 
(2.30) 
only the plane wave (2.29) propagates down the pipe . All other modes 
decay exponentialy. For example 
' 
consider the higher modes of a 
source mounted on the duct wall,at the point (x ,R,O) . Using eqs 
(2.15),(2.23), (2.26) and (2.27) we obtain 
(2.31) . 
where 
"' P - IP I mn oo 
{ 2 _ -w2)1/2 xRx/ }. X exp -( A mn (2.32) 
The shapes of a few of the modes are shown in Figure 2.,for different 
values of the parameters w, defined by eq (2.28) , and the parameter 
x = x/R, assuming that the point source is mounted on the duct wall 
"' at the point (O,R,O). Let C denote the ratio of P to the pressure mn mn 
amplitude associated with the plane wave.Using eqs (2.29) and (2.31) 
we can then obtain 
11 
J 
I 
' ~ 
• 
I 
C -
mn 
w J (r A /R) 
m mn 
cosm9 ( A 2 
mn 
(2. 33) 
Figure 3. depicts 20 log10 (Cmn) for modes (1,0),(2,0) and (0,1) versus 
the parameter X x/R for a circular duct with a single point 
source.The curves are drawn for a different values of the parameter 
w . 
When the frequency is higher than w the distribution of the 
C 
sources generating the sound gains importance. Consider for example 
the sound generated by a "ring" of sources mounted on the walls of the 
tube at a given x' at various angles 0~ ,as indicated in Figure 4 .. 
1 
In view of eqs (2.23) and (2.24) we may write 
iwt p - e 
where 
m,n 
8 .. = Lcosm()~, 
em . 1 
1 
For a single source 
1 Consequently • this 1n 
fundamental frequency w 
8 X w + 8 X w 
emn emn emn omn omn omn 
(2.34) 
• i 
\ 
8 - ~ sinmO~ 
om· 4-- 1 (2.35) 
1 
located at ()~= 0 ,we have 8 - 1 and 8 = 0 - • em om 
the c~off fequency • equa.l to the case 1S 
• C 
·' 
12 
For two idendical sources symmetrically located one at 8'= 0 and 
/ the other ate=' we have 
8 
em 
m 
= (I + (-1) ) , 8 = 0. 
om 
Consequently • 1n this case the first mode to propagate is the mode 
(2,0) and the cut-off frequency is given by 
(2. 36) 
' For three identical sources symmetrically located at 8~= 0, 
2~/3 , 4w/3 , we have 
8 
em 
() 
om 
o, for m=l 2 
' ' 
{2.36b) 
Consequently the first mode to propagate is the mode (0,1) and the 
cut-off frequency is given by 
(2. 37) 
13 
l 
I 
' 
3. A Cylindirical Loudspeaker 
In this section we shall obtain the acoustic pressure generated 
by a speaker on the surface of the pipe . Figure 5. depicts the 
geometry of this speaker which is centered at the point (O,R,O) has 
I 
length 2L and width 2aR We assume that the entire laudspeaker 
surface has a uniform output of the form (q /R)exp(iwt) . We can 
0 
then obtain the acoustic pressure ,given by eq(2.24) , by integrating 
over the laudspeaker surface for x<-L we have 
oo w J (A r/R) 
P (x,r,O;t) - IP leiwt L ___ o __ o_n __ 
s 00 n=O Pon Jo(Aon) 
00 00 
LL 2A
2 w J (rA /R) 
mn m mn 
m=l n=O 
XcosmO 
a J L 
. I x-x" I J cosme'dtr exp [ 1/J mn R ] dx/ + 
-a -L 
Xsinm8 
a L 
J . o~o~J [·p lx-x'l]d s1nm u exp 1 µn R x. 
-a -L 
(3 .1) 
Carrying out the integrations ,we arrive at 
00 sin(/J L/R) 
P - 4aLIP leiwt 
S 00 L 
w J0 (A 0 nr/R) 
/Jon Jo(Aon) 
on 
exp (i/J x/R) 
on (/J L/R ) 
I I ' 
' 
n=O 
.. 
on 
14 
..--..... 
• s1nma 
ma 
sin(P L/R) 
mn 
p L/R 
mn 
cosm8 
Xexp(i/J x/R) , 
mn (3. 2) 
or 
-
p 
s 
- 4aLIP I 
00 
00 
L 
n=O 
w J (X r/R) o on 
00 00 2X 2 w J (rA /R) sin(P L/R) • LL mn m mn s1nma mn cosm8 + (X2 - 2 /J L/R ma m=l n=O m ) /3 mn J m {~)Iln) mn mn 
\ 
\ 
Xexp[i(wt + Pmnx/R)] ) (3.3) • 
It is clear that when w is below the cut-off frequency of the duct w ~ 
C 
1.84 (c /R) then only the plane wave 
0 
P = 4aLIP I sp oo 
sin(wL/c) [ ] 
·wL/~ 0 exp iw(t + x/c0 ) 
0 
(3.4) 
will propagate away from the source. All of the higher modes will 
decay axponantially with the distance from the laudspeaker. As w is 
increased the higher modes vill start propagating . 
I• 
15 
4. The Decay of the Cross Modes 
In this section we would like to investigate the effects of the 
decaying waves 
secondary source 
• We assume that the operating frequency of the 
is kept below w or below the frequency which would 
C 
allow the propagation of cross modes for a particular speaker or 
speaker arrangement • So the only mode propagating down the tube is 
the plane wave given by eq(2.29) . 
Consider the sound generated by a cylindirical speaker (as 
discussed in section 3.) centered at (O,R,O) . If a microphone located 
at (x ,R,O) is to measure the pressure associated with the plane wave m 
only 
' 
then the higher modes must be sufficiently attenuated at 
distance x 
m 
• 
N 
Figure 6. gives the mode c10 vesus w/wc=w for a single circular 
speaker . The curves are drawn for different values of the parameters 
x =x/R and s=L/R, using the relationship, m 
• s1na 
a (4.1) 
-where 
I , (4. 2) 
.. 
16 
• I 
6.Inhomogeneity in the pipe liquid 
Consider the problem represented by Figure 7 .. Here ,medium one 
and medium three are assumed to be semi-infinite and medium two is 
assumed to be boundea. All acoustic properties of each medium are 
defined by its density and sound speed. Medium one has density p1 and 
sound speed c1 ,medium two and medium three have densities p2 and p3 
and the sound speeds c2 and c3 ,respectively. Here and henceforward, 
p1 and c1 will be used to denote the density p0 and the speed of sound 
c ,used in the homogeneous fluid . The characteristic impedances of 0 
the three media will be . 1n 
characteristic impedance is expressed by the formula 
z. = p.c. 
1 1 1 ' 
i - 1,2,3 • (5 .1) 
Let the boundary between medium one and medium two be at x = O, and 
the boundary between medium two and medium three be at x=H. Also let a 
periodic point source S be mounted on the wall at the point (A',R,8/). 
Such a point source is given by the expression (2.5) 
While a wave due to the point source travels in the negative x 
direction ,another one arrive~ at the boundary between medium one and 
medium two where some of the energy • lS reflected and • some 1s 
transmitted into the second medium. The wave transmitted will proceed 
. 
through medium two to act on the boundary between medium two and 
medium three where some of energy is again reflected and some is 
transmited into the third medium. 
.· 
17 
The solution for the acoustic pressure field is agaih given by 
eq (2.24). Here 
' 
and in eq (2.24) must satisfy the 
following differantial equations ; 
2 (I) 
+ al X -mn mn 
• 
1 
2 (2) 
+ a2 X - o, mn mn 
2 
+ a3 mn X
(3) ·= 0 
mn ' 
where a. 's are defined by 1mn 
wq 
0 
R 6 (x-r ) , 
for O<x<H, 
for x>H 
for x < O, 
i - 1,2,3. 
We can simplify the problem by replacing eq(5.2) by 
2 (11) 
+ al X mn mn - o, for x(x,., 
2 (12) 
+ a X lmn mn = 0, for x"<x<O, 
, 
subject to the point source conditions 
( 11) (x" J. ~ { 11) (x' ) 
Xmn Xmn ' 
18 
(5.2) 
(5. 3) 
(5. 4) 
(5. 5) 
(5. 6) 
(.5. 7) 
(5. 8) 
\ 
d (11) 
Xmn 
( dx 
d (12) 
Xmn 
dx ) 
x=x' 
. wqo 
- i R (5.9) 
At the interfaces x = 0 and x = H two conditions must be satisfied; 
1.- The pressure across the boundary must be continuous , since the 
pressure is a scalar ,single-valued function. 
2.- The normal component of the acoustic velocity must also be 
continuous. Therefore ,at x = 0 
[ 1 
d (12) 
Xmn 
dx 
Similarly at x = H 
d (2) 
1 Xmn J 
p2 dx x=O - O. 
[x(2)(x) - x(3)(x)] = 0 mn mn x=H ' 
d (2) 
[ 1 Xmn P2 dx 
d (3) ' 
I Xmn J 
dx x=H = O · P3 
By taking into account the radiation conditions for lxl 
the solutions to eqs (5.6),(5.7) and (5.3) may be written as 
. \ 
19 
(5 .10) 
(5.11) 
(5 .12) 
(5 .13) 
---+t 00 
(5 .14) 
\ 
Using (5.14) into the conditions (5.8)-(5.13) , we obtain 6 equations 
for the 6 unknown coefficients, B11 B12 c12 B21 c21 c31 . 
mn ' mn' mn ' mn ' mn' mn 
In matrix form this system is 
where 
[K] 
[K]{X} = {B} 
1 
1 
{X}T = { Bll B12 c12 B21 c21 c31 } 
mn mn mn mn mn mn ' 
{B}T = { 0 b O O O O} 
where the coefficient 8. !sand b are given by 
1J 
Solving the system of equations (5.15) , we obtain 
20 
(5 .15) 
' 
(5 .16) 
,. 
c12 = b 
mn 2' 
c21 _ 
mn 
b 
!J 
b 
fl (l+72)exp{i( a -a )x~} lmn 2mn ' 
In the equation above 
e 
i2a1 x' mn 
(5 .17) 
(5 .18) 
We are interested in determining the effect of the inhomogeneity 
on the transmitted wave in medium three. From (5.14d) and (5.16e) , 
we obtain 
We note in passing that in the case of a homogeneous medium 
and 
.. 
__. 
a = a = a = a , 3mn 2mn lmn mn 
11 = 12 = 1, say, 
the expression (5.19) reduces· to (2.26) . 
.. 
21 
(5.19) 
• 
, 1. e • 
(5. 20) 
· In the special case in which the media on both sides of the layer 
have the same physical properties,i.e. when p1 = p3 and c1 = c3 , the 
expression for X( 3) (x) assumes the form 
mn 
2h71 exp {-i [almn(x-x/-H)+a2mnH]} 
(l+71)
2
-(1-71)
2
exp(-i2a2mnH) 
• (5.21) 
For the plane wave ,i.e. m - n - 0, eq (5.21) takes , in view of eqs 
(5.5), the form 
where 
2qocl 
R 
<;" exp { - i [ w 1 x H x' 
(1 + ~) 2- (1 ' 
(5. 22) ------
and (5.23) 
~ = zl/z2 . 
(Here ,and henceforward, we omit for brevity the suffix in X~~)) .From 
(2.26) we see that the amplitude of the plane wave is given by 
(5 .. 24) 
Consequently the ratio of the amplitude of the wave described by 
(5.22) to A
00 is given by 
(5. 25) 
22 
I ' 
' N 
The relation between C and 
00 is shown in Figure 8. for various 
values of w2 . It is clear from the figure that as~ tends to 1, the 
N N 
value of C approaches to 1 and also that C is less than unity for 00 00 
all frequencies w # 0. 
In the case of the decaying modes ,we assume that (w/c.) are 
1 ' 
such that a. 's are imaginary ,that is, 1mn 
a. = -i{k2 1mn mn 2}1/2 -(w/ci) , for k >(w/c.),i=l,2 mn 1 
a. 1mn 
N 
• 
- -1a. . 1mn 
Then from (5.21) , we have 
X (3) (x) 
mn 
N N N 
71 - (pla2mn)/(p2almn). 
From (2.26) the amplitude of the decaying wave is given by 
A 
mn 
wqo [ ] Ra exp -almn(x-x') ' 
lmn 
and hence 
(5. 26) 
(5.27) 
(5. 28) 
N 
- C 
mn 
[ 
N N ] exp -(a - a )H 2mn lmn .(5.29) 
N 2 N 2 N (1 + 71) - (1 - 71) exp(-2a2mnH) 
23 
. ' 
Figure 9. depicts 
N 
values of a2 H . mn 
N 
C as 
mn 
a 
,,.,, "' 
function of 71 and a1mM for different 
Let us now consider the incident and reflected waves in the 
region x'<x<O in the case of the plane wave. Making use of eqs(5.17a) 
and (5.17b) ,we obtain for the field of the incident and reflected 
waves 
X(12)(x) 12 ·{ = B exp iw1 x-x'} 12 {. x-x'} H + C exp -12w1 H (5. 30) 
12 12 
where B and C are the comlex pressure amplitudes of the reflected 
and incident waves and are given by 
qocl (1 - ~2) {1 
2R{ (1 + ~) 2 -
exp(-i2w2)} [· 
2 } exp 1w1 (1 - ~) exp(-i2w2) 
x'] H ' 
(5. 31) 
The reflection coefficient is given by 
V = (5. 32) 
or 
V - 1 - <;_
2 [ I ] 
2 exp i2w1 ~ . 1 + ~ - 2i~ cotw2 
(5.32b) 
24 
I 
l 
\ 
\ 
\ 
which agrees with the corresponding expression given in[7] for the 
reflection of plane waves from layered media. The presence of the 
"extra"term exp(i2w1x/H) in (5.32b) is due to the fact that we are 
considering the plane wave generated by a point source at x=x', rather 
than plane waves progressing from x=-oo. 
25 
.. 
6. A Layer of variable density and sound speed. Numerical results. 
So far it was assumed that the sound wave is propagating in a 
homogeneous or a layered medium. In the present chapter,we shall study 
a medium whose properties vary continuously along one axis of a 
coordinate system (the • x-axis ,for example) but do not change in 
planes perpendicular to this axis. 
In order to obtain some general relations applicable for an 
arbitrary inhomogeneous medium, we will first derive the equation of 
the propagation of sound in such a medium. 
We write the equation of continuity and the momentum equation in 
the form 
Dp 
Dt 
p 
.... 
+ pdiv u - 0, 
.... 
Du 
Dt - - grad P. 
Here the differantial operator D Dt has the meaning 
Since 
D 
Dt 
a 
at + ~-v. 
the propagation of sound is 
Dp 
= ( Bp DP 1 ) s Dt -Dt BP - 2 
C 
1 aP .... VP ) - ( + u - 2 at 
C 
adiabatic, 
DP 
Dt 
and the equation of continuity becomes 
26 
we have 
(6.1) 
(6.2) 
ti#' 
(6.3) 
... 
/ 
( 
\ 
oP 
at 
2d· ~ ~ d P + pc 1v u + u gra - 0 , (6.4) 
~ 
where P is the acoustic pressure ,u is the particle velocity in the 
wave ,p is the density ,and c is the velocity of sound . In the 
general case ,p and care function of position. 
We write 
p = p (x) + p (x,t) , P = P + p(x,t) 
0 * 0 
(6. 4b) 
where P is constant, since the pressure must be constant throughout 0 
a medium • 1n equilibrium (in the absence of an external field ,of 
course). Thus we have 
~ d 2d" -+ 0 + u gra p + p*c 1v u - . 
Neglecting the nonlinear terms~ grad p and p*c2div ~ ,we finally have 
op 
ot 
2 ..... 
+ p C div U - 0. 
0 
(6.5) 
From the momentum equation,after neglecting the higher order terms,we 
have 
..... OU 
at 
1 grad p. 
Po (6. 6) 
..... 
Eliminating u ftom (6.5) and (6.6) , omitting the suffix in p
0 
,we, 
finally obtain the 
inhomogeneous medium; 
div( 1 p grad p) -
equation of propagation of sound • 1n an 
- 0 (6.7) 
27 
or 
2 V P - 1 grad p grad p - 0 (6.8) 
It is convenient to rewrite the above equation by introducing the new 
function~ [2] ,defined by 
p 
Jp 
• (6.9) 
After some straightforward manipulation , the wave equation assumes 
the form 
1 a2~ [ 
-c-2 at2 + 1 v2p _ ! 2p 
Again the solution ot the eq(6.10) is given by 
~ - exp(iwt) L X (x) ~ (r,8), mn mn 
m,n 
(6.10) 
(6.11) 
in which the eigenfunctions 't (r, 8) 's 
mn 
are given by (2.15) . Here 
Xmn(x) must satisfy (5.2) for x(O, (5.4) for x>H and 
for O<x<H (6 .12) 
where 
(6.12b) 
It is clear that eq(6.12) has variable coefficients and in general 
must be solved by use of numerical methods. For this purpose, 
28 
• 
consider the case of the plane wave ,i.e. ,m=n=O (k =0) . From (5.6) 
00 
,(5.7),(5.4) and (6.12) ,omitting the suffix in X and~ we have 
00 00 
d2 ( 11) X 
d2 (12) X 
+ 
+ 
+ 
+ 
subject to (5.8)-(5.13) . 
for x<x', 
for x"'<x<O 
(6. 13) 
for O(x(H 
for x>H, 
The solutions to the above equations exept for eq(6.13c) are 
given by 
(11) {· x-x'} X (x) = A exp 1w1 H , 
(12) .· { x-x"} { x-x/} X (x) = B exp iw1 H + C exp -iw1 H , 
(3) · _ · { . x-x"} X (x) - F exp -1w3 H . 
From the conditions (5.8)-(5.13) ,we have 
A - B - C = 0, 
29 
(6 .14) 
where 
and 
A - B + C = 
qocl 
..; P1 R ' 
EllB + E12c - x(2)(0) = 0, 
. . 
B C c2)(0) d_ x(2)(0) -- o, E21 + f22 + E23 X 
dx 
X(2)(1) + ~12 F = O, 
~21 x(2) (1) + d_ xc2)c1) + ~22 F = o, 
dx 
E __ ( 1 dp) 
23- 2p - - ' dx x=O 
'"'\ 
. 1 dp 
~21= ( 2 p - ) - ' dx x=l 
. p ( 1) 1 /2 { . .- } ~ =1() w exp -1w {1-x/) 22 p3 3 · 3 . 
- -
x = x/H, x'= x'/H, w1c1= w3c3 = wH. 
30 
(6.15) 
(6.16) 
-The finite difference approximation to eq(6.13 c) at x = x. is given 
J 
by 
(2) { Xj+l I+ h
2 } (2) { 5 2 } (2) { h2 } 12 ~j+l -xj 2 + 6 h ~j + Xj-1 1 + 12 ~j-1 = o 
(6.17) 
where 
-h = x. - x. I . J J-
For the derivative we use the central differance approximation 
d (2) 
- X -
dx x=l 
N 1 [ (2) (2) ] 
2h Xn+l - Xn-1 · (6 .18) 
' 
Let rewrite ( 6. 17) and the last two conditions • (6.15) us 1n 
a. 1 
(2) + b. (2) + C. 1 (2) = 0 Xj+l X· Xj-1 J+ J J J- ' 
(2) 
Xn + '712 F = 0' (6.19) 
x!2) + ~21 x!2)+ ~22 F = o. 
Here we assume that the differantial equation (6.13c) holds at the end 
point of the interval at i = 1 . If x(2)1 denotes the value of x(2) at n+ 
-
x = 1 + h , then the approximation of eq_(6.13 c) at x = 1 leads to an 
additional difference equation of the form (6.19 a), which is 
a x(2) 
n+l n+l 
+ b xc2) + c xc2) = o 
n n n-1 n-1 ' (6.20) 
From (6.18) and (6'.20) , eliminating x!!l and making use of (6.19b) 
in the resultant expression, we obtain the following results 
31 
X(2 )= - ,, F, 
n '' 12 
(2) 
Xn-1 
x~2)1 = - l {a. l x~ 2 )1 + b. x~2} , for l<j<n-1. J- c. 1 J+ J + J J J-
Now, let 
- -
p(x) = P1 + (P3 - P1)x ' 
- -
c(x) = c1 + (c3 - c1)x , 
then (6.21) takes the form 
(6.21) 
(2) 1 {a 1h(l- 1 )- b0 +i2a0 +1hw3}exp{-iw3(I- i 1 )} F, Xn-1 -- a 1+ C l n+ N n+ n- p 
(6.22) 
x~2) = 1 {aj+l (2) + b. (2)} Xj+l X· 
' J-1 C. 1 J J J-
where 
1 2 
aj+l - 1 + 12 h ~j+l ' 
./ 
5 2 bj - - (2 + 6 h ~j) , 
c. J-1 
1 2 
- l + 12 h ~j-1 ' 
apd 
32 
/.. 
2 
- wl 
,c (x) - ------~ 
[ 1 + (~ 1) X ] 2 
N N 
p = P3IP1 ' c = c3/c1 . 
3 
4 
N (p -
[ 1 + c/J l)x ] 2 ' 
(6.23) 
To be able to determine the coefficients A ,B ,C, and F,we need 
to know the values of x(2)(x) and the derivative of x(2)(i) at X = 0. 
To do this ,we first normalize eqs(6.22) by dividing them by 
By doing so ,we then obtain 
X"' (2) = 1 
n ' 
""'(2) -
Xn-1 
"'(2) -
Xj-1 
--
1
-- {a 1h (1 -a 1+ c 1 n+ n+ n-
1 
C. 1 J-
(6.24) 
• 
Since and il2l are known, the solution may be obtained by backr 
substitution in eq (6.24 c) taking j=n-1,n-2, ... ,2. We therfore obtain 
the numbers X62)and i62)/ . We calculate X62 )/ using the finite 
difference approximation 
\ 
33 
·I 
1 
XN (2), N '1 0 - 2h [ 
N(2) rv(2) rv(2)] 
-x2 + 4X1 - 3 Xo . 
N(2) N(2) -Hence X (0) and dx (0)/dx in eqs(6.15) may be replaced by 
i~2)exp{ -iw3(I - i')} F, i~2t exp{ -iw3(I - i')} F, 
respectively . We thus obtain the system 
1 -1 -1 
1 -1 1 
0 Ell E12 
0 E21 E22 
where 
T -
-Ip R \ -, 
. J 
We then obtain 
' 
-
0 
0 
-1 
N (2)t N (2) 
- Xo IXo 
A - C = B = C exp(i2w1x/) 
N (2)/ N (2) 1 Xo IXo + 
N (2)/ ;"' (2) 1 Xo Xo + 2 
C - T 2 ' 
N (2), N (2) 1 N 
A 
B 
C --
rv(2)-Xo F 
N (p-l)+iw1 
N (p-l)-iw1 
0 
T 
0 ' 
0 
' 
(p-l)+iw1 F C 1 + x0 lx0 + 2 exp {i[w1x1 +w3(1-x/l]}. N (2)/ N (2) 1 N N 
Xo x0 lx0 + (p-l)-iw1 2 
\l_ 
(6.24b) 
(6.25) 
(6.25b) 
(6. 26) 
.. 
ofi~2~ Ji~2)versus the Figure 10· .. depicts the real and imaginary parts 
N N 
frequency w1 for various values of the parameters c and p.The aco~stic 
-impedance z of the surface at the point x - 0 defined as the ratio of 
34 
•' 
the local pressure over the normal velocity of a fluid is related to 
p 
z = -
u -
x=O 
• 
- 1 -
• (6.27) 
Figure 11. depicts the real and imaginary pats of z/z1 versus w1 for 
N N 
various values of the parameters c and p.From (6.26 a) we obtain for 
the reflection coefficient 
(6.28) 
or, in view of eq(6.27), 
V= (6.29) 
N Next, we consider the case p = I. Eq(6.13 c) then assumes the 
form 
dx c2) + 
d~2 
This problem can be solved analytically as follows: 
Let 
N 
-{ = 1 + (c - l)x, 
then eq(6.30) assumes the form 
2 
WI 
+ -----
(~ - I) 2 
(2) o·. 
-. X " -,-
35 
(6.30) 
(6.31) 
(6. 31b) 
0 
which is Cauchy-Euler equations. Solution to 
eq(6.31) is given by 
r r 
X(2) = D ( 1 + E ( 2 
where D and E are constants and r 1 and r 2 satisfy the equation 
2 
2 wl 
r -r+----
(~ - 1) 2 
= 0 
N 
Applying the boundary conditions at ( - c ,we obtain 
Dividing both sides of eq(6.34) by exp{-iw3(I-x )} F ,we obtain 
r r 
D ~ 1 + E ~ 2 - 1 , 
- N Dr1 (c 
From 
r -1 
1) ~ 1 - N + Er2(c 
here ,we obtain 
• 
r2 + 1 N 
- C D = 
WI 
-
( r 1) 
Nrl 
r2. ...... C 
1 
r -1 
1)~ 2 
' 
... 
/ 
36 
(6. 32) 
(6.33) 
(6.34) 
(6. 35) 
(6. 36) 
• 
wl 
rl + 1 N 
- C - 1 E = -
• 
( rl) 
Nr2 
r2 - C 
Applying the boundary conditions at€ - 1 we obtain for the reflection 
coefficient 
"' 
B z - z V = 1 exp(i2w1 ;?) (6. 37) -C - "' 
Zl+ z 
N 
where the acoustic impedance z is given by 
(6.38) 
"' From here it follows that for the case p = 1 as w1 ~-+ 0, 
(6.39) 
Another N case of interest is the limit of w1 ··~~~ 0 for arbitrary p. 
Then we can find the solution of the equation 
2 
X (2).11' + -=-----w_I -------
[ 1+(~ - l)x] 2 
in the form 
3 
4 
N 2 (p-1) 
X(2) = x(2) + w x(2) + w2x(2) + 0 1 1 1 2 • • • • 
Substitution of (6.39) into (6.38) yields 
37 
(6. 40) 
(6.41) 
f , 
\ 
, 
. 
( Np _ l) 2 { (2),/ (2) II Xo + w1x1 + 
3 
4 
N 2 (p - 1) 
• 
... } + 
(6.42) 
Here primes denote the derivatives with respect to ( . From here it 
follows that 
(2)11 3 (2) 
= 0 Xo - 2(2 Xo , 
(6. 43) 
(2)11 3 (2) 
= 0 X1 - 2(2 X1 ' 
and so on. 
The last two boundary conditions in (6.15) become 
N (2) / N X (p) = -
N N (p - l)c 
(6.44) 1 N [ X62) 
2p 
·-
• 1-'------
= xN (2)., + w x"' c21 + 0 1 1 ... 
. Hence , 
38 
1 • 1 Xf 2)., (ii) - 1 
"' 
, 
N N ' 2p (p - l) C 
""(2) N X2 I (p) = 0 . 
Solutions to eqs(6.43) are given by 
Making use of the boundary conditions (6.45) we obtain 
N N - N 1/2 o0 = o, E0 - p , 
"'-1/2 p 
N N 
2(p - l)c 
"' 
,E1 = i 
"'3/2 p 
N N 
2(p - l)c 
We can now determine the ratio X <2) IX (2) at { = 1 as 
"'(2) [ "'(2)1 "'(2)_, ] X ( 2 ); - _X_o~';---.....--1-+ _w_l x_l~_l---::X---:o __ + _·_· _· ·---
x < 2) t=1 X62) [ 1 + w1Xi2) 1X62) + ··· ] (=1 
1 + [ 
(=1 
From (6. 46) , we ha·ve 
"'(2)_ Nl/2 -1/2 Xo - p ( ' 
• 
39 
• 
• 
(6. 45) 
(6. 46) 
(6. 47) 
(6.48) 
Xi 2)= 
"'-1/2 {P2c112 _t3;2} • p 1 
"' "' 
, 
2(p - l)c 
"'(2), 
-
I (N-l)Nl/2 (-3/2 Xo - 2 p p ' 
"'-1/2 
0 p { N2 -3/2 -1/2} 
=-1 ~ p ' + 3( 
4 C 
Substituting (6.49) into (6.48) yields 
"'(2) X I 1 N • WI 
= - (p - l) - 1 ~N~N~ 
"'(2) 
X (=1 2 C p 
Hence expression (6.27) becomes 
. 
wlzl 
z = -1 
. 
wl 
o(w1) -1 + NN 
cp 
and 
N N 
as w1 ~-~ 0 , z. 
N 
In the special case p = 1 , eq(6.52) gives 
"' Z -~CZ 1 
(6.49) 
(6.50) 
(6.51) 
(6.52) 
(6. 52b) 
which is the same • expression as the expression (6~39) obtained by 
assuming p(x) = p1 = constant . 
• 
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Figure l- The coordinate system. 
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Figure, 2. la. The shape of the mode ( 0 ,1) for 
-
-w = t;_75 and X = 0.5 • 
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Figure 2.lb. The shape of the mode (0,1) for 
- -
-w = 1.75 and x = 0.0 . 
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-1 
Figure 2.lc. The shape of the mode (0,1) for 
-
-w = 1.2 and·. x = 0.0. 
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Figure 2.ld. The shape of the mode (0,1) 
-w = 1.2 an·d x = 0 .. 5 • 
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Figure 2.2a. The shape of the mode (l,O) for 
- -
.. w = 1.2 and x = 0.5 . 
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Figure 2.2b. The shape of the mode (1.0) for 
~ 
W = 1.2 , X = 0.0 . 
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Figure 2.3a. The shape of the mode (2,0) for 
- -w = 1.2 and x = 0.5 . 
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Figure 2.3b. The shape of the mode (2 2 0) for 
- -w = 1.2 and x = 0.0 ~ 
·, 
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Figure 2,3c. The shape of the mode (2,0) for 
.... 
w = 1.75 and x = 0.0. 
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Figure 2.3d. The shape of the mode (2,0) for 
-
-w = 1.75 and x = 0.5 . 
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Figure 3. The decay of the modes (0,1), (1,.0) ~nd (2,0) 
generated by a point source mounted on the 
wall at the poi.nt (O,R~O) . The e·urves are 
drawn for ~ = 1.75 (curves a) and 
~ = 1.2 (curves b) ~ 
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Figure 4. Sketch of a "ring" of sources. 
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x of the mode (1,0). 
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The relative amplitude C of the plane wave transmitted 
00 . 
to the region 3 versus the specific impedance of the 
surface x = 0. 
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Figure 9a. Transmitted decaying modes. Relative amplitude 
-C versus 
mn 
- -and a 1 H mn 
-for a 2 H = 2.5 . mn 
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Table 1. Dimensions of some variables used in this thesis . 
Symbol 
Q 
p 
Name 
Source term 
Acoustic pressure 
Equilibrium density 
Strength of a point 
source 
77 
Dimension 
MT-lL-3 
MT-2L-l 
-3 ML 
n\m 0 
Table 2. loots of J 1 (~ ) = 0. 
m mn 
1 2 3 4 5 
0 0.000000 1.841183 3.054237 4.201189 5.317553 6.415616 
1 3.831706 5.331442 6.706133 8.015236 9.282396 10.519861 
2 7.015586 8.536316 9.969468 11.345924 12.681908 13.987188 
3 10.173468 11.706005 13.170371 14.585848 15.964107 17.312842 
4 13.323692 14.863588 16.347522 17.788748 19.196028 20.575515 
5 16.470630 18.015528 19.512913 20.972477 22.401032 23.803582 
• 
6 19.615858 21.164370 22.671582 24.144897 25.589759 27.010308 
7 22.760084 24.311327 25.826037 27.310058 28.767836 30.202849 
8 25.903672 27.457050 28.977673 30.470268 31.938539 33.385444 
9 29.046828 30.601923 32.127327 33.626949 35.103917 36.560777 
n\m 6 7 8 9 10 
0 7.501266 8.577836 9.647422 10.711434 11.770877 
1 11.734935 12.932386 14.115518 15.286737 16.447853 
• 
3 15.268181 16.529365 17.774012 19.004593 20.223031 
4 18.637443 19.941853 21.229063 22.501398 23.760716 
5 21.931715 23.268053 24.587197 25.891277 27.182022 
6 25.183925 26.545032 27.889269 29.218563 30.534505 
7 28.409776 29.790748 31.155326 32.505247 33.841967 
8 31.617876 33.015178 34.396628 35.763793 37.118000 
9 34.813393 36.224381 37.620078 39.001903 40.371069 
1·a 
. . 
Appandix A. 
Some properties of Bessel functions. 
2m J 1(z)+J 1(z)= J (z) m- m+ z m (A-1) 
J'(z)=(l/2)[j 1(z)-j 1(z)] m m- m+ (A-2) 
2 2 [ 2 , ] J (z)zdz=(z /2) J (z)-J lz)J 1(z) m m m-l m+ {A-3) 
. '
.t 
I 
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I l· 
r 
j· 
Derivation of eq(2.18) 
Let 
note that 
.Jt 
R 
I= 
21" 
0 0 
2,r 
cos2mO J2(rA /R)rdrdO 
m mn 
2 
cos m8 d8 = 2,r , m=O 
,r , m>O. 
0 
We write 
A 
z=r A /R mn. 
J2(, /R) d mn =(R2/,2) 
0 
m rAmn r r= dz=(Am
0
/R)dr Amn 2 J (z)zdz m 
0 
From (A-2) we have 
J'(A ) = O = J (A )-J (A ) m mn m-1 mn m+l mn' 
. or 
J (A ) ~ J (A ). 
m-1 mn m+l mn 
From (A-1) it follows that 
2J (A ) 
m+l mn 
_ 2m J (A ) A m mn.' 
I I 
mn 
80 
• 
.. 
(A-4) 
. 
(A-5) 
·, 
or 
Hence (A-4) becomes 
R 
J2(rX /R)rdr=(R2/X2 ) (X2 /2)(J2(X )- (m2/X2 )J2(X )] m mn mn mn m mn mn m mn 
0 
Thus we have 
for m>O 
and 
R X on 
J2(rX /R)rdr=(R2/X2 ) o on on 
2 2 2 J (z)zdz=(R /X ) m on 
0 ... 0 
, 
R 
J2(rX /R)rdr = (R2/2)J2(X ), for m=O. o on o on 
0 
We thus have 
81 
z=~ 
on 
z=O 
(A-6) 
.·. 
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